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Abstract
In this note, which is based on hep-th/0611111, we review the stability of the
static, positive deficit angle D-term string solutions of D = 4 , N = 1 supergravity
with a constant Fayet-Iliopoulos term. We prove the semi-classical stability of this
class of solutions using standard positive energy theorem techniques. In particular,
we discuss how the negative deficit angle D-term string, which also solves the Killing
spinor equations, violates the dominant energy condition and so is excluded from our
arguments.
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Introduction
There has been a remarkable resurgence of interest in cosmic strings in recent years
(see [1], for instance). An observation of the double galaxy gravitational lens candidate
CSL-1 [2] which was indicative of a cosmic string sparked particular interest in the
field. Further observations of CSL-1 by the Hubble space telescope later showed that
this was in fact a pair of very similar, but distinct galaxies [3]. Despite this, the
interest in cosmic strings remains high, and other, indirect, experimental evidence is
suggestive of the existence of these objects [4].
There have also been considerable theoretical advances in our understanding of
supersymmetric cosmic strings. String topological defects were found some time ago
in globally supersymmetric theories [5], but were only recently embedded into su-
pergravity [6]. The particular class of local cosmic strings we are interested in can
be found as solitonic solutions supported by a D-term potential in four-dimensional
N = 1 supergravity with constant Fayet-Iliopoulos terms [6]. A D-term string can
also be understood as a D1+q-brane wrapping a calibrated q-cycle in an internal man-
ifold of a string theory compactification [6]. In fact, these D-term string solutions
were found previously as point-like solutions in three-dimensional supergravity [7].
Much attention has focused on cosmological aspects of string theory cosmic strings,
e.g. string networks [8]. However, it is surprising to note that the stability of a sin-
gle, isolated supersymmetric string solution of supergravity has not been discussed.
Bogomol’nyi bounds for general cosmic strings were constructed originally by Comtet
and Gibbons [10] and the energy of local string solutions in current discussions, in-
cluding the D-term strings, is usually defined using such Bogomol’nyi-type arguments
[6, 11]. However, as noted in [11], a Bogomol’nyi bound does not prove the stability
of such local string solutions, as one is implicitly assuming that the solutions remain
axisymmetric. It is therefore possible that non-axisymmetric perturbations or string
worldvolume perturbations could lead to instabilities.
In this article, which is a summary of [9], we discuss the semi-classical stability
of the D-term string solution of D = 4 , N = 1 supergravity with a constant Fayet-
Iliopoulos term. Regardless of the particular theory in which one is interested, the
stability of cosmic strings is necessary if we hope to observe them. We apply the
spinorial Witten-Nester method to prove a positive energy theorem for the D-term
cosmic string background with positive deficit angle. We also pay particular attention
to the negative deficit angle D-term string, which is known to violate the dominant
energy condition. Within the class of string solutions we consider, this violation
implies that the negative deficit angle D-term string must have a naked pathology
and therefore the positive energy theorem we prove does not apply to it.
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The D-term string in N = 1 supergravity
Let us begin by briefly reviewing the relevant aspects of four-dimensional N = 1
supergravity with constant Fayet-Iliopoulos terms [6]. The Lagrangian for the bosonic
sector of this theory is1,
e−1L =
1
2
R− ∂ˆµφ ∂ˆ
µφ∗ − 1
4
FµνF
µν −
1
2
D2 , (1)
where φ is the U(1)-charged Higgs field, the Ka¨hler potential is given by K = φ∗φ
and the superpotential vanishes. The D-term potential is defined by D = gξ− gφ∗ φ,
where ξ is a constant that we choose to be positive. Wµ is an abelian gauge field and
we define
Fµν ≡ ∂µWν − ∂νWµ , ∂ˆµφ ≡ (∂µ − igWµ)φ . (2)
The fermions are Majorana spinors, however it is often convenient to split them into
complex parts using left and right projectors PL,R =
1
2
(1 ± γ5). The supersymmetry
transformations for the fermions (the Killing spinor equations) can then be written as
δψµ = ∇ˆµǫ = ∇µǫ+
i
2
γ5A
B
µ ǫ , (3)
δχL =
1
2
( 6∂ − ig 6W )φǫR , δλ =
1
4
γµνFµνǫ+
1
2
iγ5Dǫ . (4)
The covariant derivative on fermions is defined as∇µ = ∂µ+
1
4
ωµ
ab(e)γab. The gravitino
U(1) connection ABµ plays an important role in the gravitino transformations.
ABµ =
1
2
i
[
φ∂ˆµφ
∗ − φ∗∂ˆµφ
]
+ gWµξ . (5)
The cosmic string solutions to this theory found in [6] solve the Killing spinor equations
(3) - (4) for some non-vanishing ǫ. The metric ansatz in cylindrically symmetric form
is
ds2 = −dt2 + dz2 + dr2 + C2(r)dθ2 , (6)
where the plane of the string is parametrised by r and θ. We choose vierbein e1 = dr
and e2 = C(r)dθ, which gives ω12θ = −C
′(r) as the only non-vanishing spin connection
component.
The Higgs field and gauge potential have the following form
φ(r, θ) = f(r) einθ , gWµ dx
µ = nα(r) dθ . (7)
where θ is an azimuthal angle, and f(r) is a real function that outside the string
core approaches the vacuum value f 2 = ξ, for which the D-term vanishes. One can
1We are using natural units, setting MP = 1. We direct the reader to [9] for a full explanation of
our conventions and a complete list of references.
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solve for the profile functions α(r) and C(r) explicitly in limiting cases, and one sees
that the metric describes a spacetime with a conical deficit angle proportional to the
Fayet-Iliopoulos constant ξ. A globally well-behaved spinor parameter is defined by
ǫL(θ) = e
∓
1
2
iθǫ0L where ǫ0L is a constant spinor parameter satisfying γ
12ǫ0 = ∓iγ5ǫ0.
By demanding that the following condition holds
1− C ′(r) = ±ABθ , (8)
one can then find solutions to the gravitino Killing spinor equation (3). As noted
originally for three-dimensional supergravity [7], the key to solving this Killing spinor
equation in a conical spacetime is the U(1) charge of the gravitino. This allows the
singular spin connection term to be cancelled precisely because both the U(1) charge
and the deficit angle are set by the Fayet-Iliopoulos term ξ.
When the distance r from the string core is large, the solution (6) takes the form
of an asymptotically locally flat conical metric with an angular deficit angle due to
the constant FI term ξ:
ds2 = −dt2 + dz2 + dr2 + r2 (1∓ nξ)2 dθ2 , (9)
with the composite gauge field given by ABθ = nξ. Note that in the limit r →∞ the
full supersymmetry is restored as Fµν = 0, D = 0, ∂rφ = ∂ˆθφ = 0 and Rµν
ab = 0,
which corresponds to the enhancement of supersymmetry away from the core of the
string.
In [6], the string energy density was defined using a Bogomol’nyi style argument.
As the solution is time-independent, the ansatz could be directly inserted into the
action with Gibbons-Hawking boundary terms included to give an energy functional.
The integral was then restricted to only run over directions transverse to the string to
ensure it produced a finite result. Using the Bogomol’nyi method, this integral was
then written in the following way
µstring =
∫
drdθ C(r)
{
|(∂ˆrφ ± iC
−1 ∂ˆθ)φ|
2 +
1
2
[F12 ∓D]
2
}
+
+
∫
drdθ
[
∂r (C
′ ±Aθ)
B
∓ ∂θA
B
r
]
−
∫
dθ C ′
∣∣∣∣
r=∞
+
∫
dθ C ′
∣∣∣∣
r=0
. (10)
The condition arising from the gravitino Killing spinor equation (8) implies that the
first term in the second line in (10) vanishes. The first line vanishes by the remaining
Killing spinor equations δλ = 0 = δχL. The energy density is thus given by the
difference between the boundary terms at r = 0 and at r =∞ [6]:
µstring = 2π (C
′|r=0 − C
′|r=∞) = ±2πnξ , (11)
which agrees with the expected answer for a cosmic string solution [1]. It is interesting
to note that as supersymmetry only fixed the metric function C(r) up to a sign [6],
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the energy also has a sign ambiguity. It was initially argued that the positive energy
theorem implies that the negative energy solution should be ignored [6]. This is not
correct, and the role of negative energy solution, i.e. the negative deficit angle solution,
must be carefully reconsidered.
Negative deficit angle D-term strings
A basic assumption in the proof of any positive energy theorem, which holds for all
reasonable matter fields, is that the stress-energy tensor satisfies the dominant energy
condition i.e. that for any timelike or null vector ua, −T ba u
a is non-spacelike, which
implies that Tabu
aub ≥ 0. It is straightforward to check that the supersymmetric
Lagrangian (1) satisfies the dominant energy condition, which can be conveniently
restated as saying that matter energy density is non-negative in any orthonormal
frame i.e. T00 ≥ 0. For a general cylindrically symmetric spacetime, Comtet and
Gibbons have shown that it is possible to find a useful rewriting of the metric in which
it becomes clear that the sign of the string deficit angle δ is completely determined
by T00:
δ ∼ +
∫
Σ2
T00 + (. . .)
2 , (12)
where Σ2 is a two-dimensional submanifold transverse to the string (we do not require
the specific form of the terms in brackets). Hence, we see that it is only possible to
have a solution with δ < 0 if the Lagrangian violates the dominant energy condition.
This implies that a δ < 0 string is not a regular solution to the field equations derived
from our Lagrangian (1), and therefore needs a source with negative T00. Although
the δ < 0 solution is not known in closed form for small radius, the string ansatz
we are using (6) does not have a gtt component, and hence does not allow it to have
horizons in the interior of the solution. This means that the defect, which requires
the presence of a source, sweeps out a worldvolume over infinite time. In other words,
the region of the solution that violates Einstein’s equations is naked, which implies
that no spacelike surface will be able to avoid it. Therefore no Cauchy surface exists
in the δ < 0 spacetime and so the positive energy theorem does not apply to it.
The positive energy theorem and semi-classical sta-
bility
We shall now apply the standard Witten-Nester technique to prove the positive energy
theorem for the positive deficit angle string backgrounds. We begin by defining the
generalised Witten-Nester 2-form [12]:
Eµν = η¯ γµνρ∇ˆρη , (13)
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where we are using the supercovariant derivative defined by the gravitino supersym-
metry transformation (3), and η denotes a commuting spinor function that asymptoti-
cally tends to a background Killing spinor ∇ˆρη = 0. We now define the Witten-Nester
four-momentum as the integral of the dual of E
Pµv
µ =
∫
∂M
∗E =
1
2
∫
∂M
dSµνE
µν =
∫
M
dΣν∇µE
µν , (14)
where vµ = η¯γµη. In the final equality we have assumed that there are no internal
boundaries, since the δ > 0 D-term is regular [6], and used Gauss’ law to write a
volume integral. At this point, one should understand that ∂M is the two-dimensional
boundary of an arbitrary three-dimensional subsurface M . In order to evaluate the
Witten-Nester total four-momentum explicitly for a particular solution, the surface
charge integral must be regulated [13]. One must wrap the spatial worldvolume of the
string such that ∂M = Rz×S1θ → S
1
z ×S
1
θ , and then integrate out the z-contribution.
The charge integral is then defined only over spatial directions transverse to the string,
and it is formally the same as the equivalent three-dimensional expression [7]. By
considering linearised perturbations that vanish asymptotically, one then sees that
the surface integral form of the Witten-Nester total four-momentum becomes:
Pµv
µ =
1
8
∫
∂M
dSµνε
µνρσεδαβσ∆ω
αβ
ρ e
α
αe
β
β η¯γ
δη −
1
4
∫
∂M
dSµνε
µνρσABρ η¯γση . (15)
The first term in (15), which we shall denote Pµvµ, is Nester’s expression for the
gravitational four-momentum, where ∆ω
αβ
ρ is the difference of the spin connection
with respect to the reference spacetime with ABρ = 0, i.e. Minkowski spacetime. The
second term in (15), which we shall denote JRµ v
µ, defines the R-charge of the string,
i.e. the holonomy of composite gauge potential.
In order to prove the positivity of the Witten-Nester four-momentum we now turn
to the volume integral expression. We want to show that an arbitrary on-shell per-
turbation of a supersymmetric solution that vanishes asymptotically, but is otherwise
unbounded, contributes a positive amount to the total energy. As such, we shall not
wrap the spatial direction of the string worldvolume, such thatM is a two-dimensional
region, but consider the full three-dimensional volume integral withM = Rr×Rz×S1θ ,
allowing for the most general perturbations. A lengthy calculation using the standard
manipulations [12] then leads to the following expression
Pµv
µ =
∫
M
dΣν
(
∇ˆµηγ
µνρ∇ˆρη + δλγ
νδλ+ 2δχLγ
νδχL + 2δχRγ
νδχR
)
, (16)
where δλ and δχL,R are the supersymmetry transformations (4), defined now with
a commuting spinor parameter η. If we now choose Σ to be an initial hypersurface
with simple timelike norm and require that the spinors obey the generalised Witten
condition γj∇ˆjη = 0, we see that (16) is then manifestly positive. As our spinors are
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Majorana, it is straightforward to show that the Killing vector vµ is non-spacelike and
future directed, and thus that positivity of (16) implies that energy in positive.
As our choice of initial hypersurface Σ was arbitrary, we can allow for arbitrary
variations of it. This means that our expressions get promoted to fully covariant
versions, and the Witten condition becomes γµ∇ˆµη = 0. If we now use the covariant
form of our result that Pµ ≥ 0 in conjunction with (15), we reproduce the Bogomol’nyi
bound for the D-term string:
Pµv
µ = η0
(
Pν − J
R
ν
)
γνη0 ≥ 0 . (17)
Looking again at (16), we see that this inequality is saturated when the solution is
supersymmetric, i.e. when δλ = δχ = δψµ = 0, or equivalently the condition (8)
holds. Here δψi has been promoted to δψµ by allowing for arbitrary variations of the
hypersurface Σ. It is possible to bring the Bogomol’nyi bound (17) into the more
familiar form P0 −QR ≥ 0 by taking the trace over the basis of spinors.
Our result proves that the positive deficit angle D-term string is stable against per-
turbations that vanish asymptotically, but are arbitrarily large in the bulk. An analo-
gous result holds for point-like sources in three-dimensional supergravity [7], however
this is not sufficient to prove the stability of string solutions in four-dimensions, despite
the fact that the linearised charge integrals agree. Instabilities in cylindrically sym-
metric spacetimes usually arise in the massive Kaluza-Klein tensor perturbations in
the dimensionally reduced theory [14], and it is precisely this sector that is truncated
in the three dimensional theory.
In order to complete the semi-classical proof, one must consider whether a non-
perturbative quantum tunnelling effect could arise, i.e. a Coleman-de Luccia bounce
solution [15]. In other words, if the D-term string is viewed as a false vacuum state of
the supergravity theory, is it possible to find a Euclidean bubble solution that would
allow decay to a true vacuum state with lower energy? In [16] it was shown that such
decay modes via bubble nucleation are inconsistent with ten- and eleven-dimensional
supergravity theories, and the same result can be applied here. In short, if the putative
true vacuum solution is required to asymptote to the original false vacuum solution,
then it must also admit an asymptotically Killing spinor that is well-defined on the
whole hypersurface. However, the positive energy theorem then implies that the
energy of this solution can only be higher than that of the false vacuum, making it
energetically unfavourable for the nucleation to take place. If the energy is equal to
that of the false vacuum then the spinor must be globally Killing, which means the
solution is no different from the false vacuum solution. In other words, no bubble
is being nucleated. This completes the proof of the semi-classical stability of the
positive deficit angle D-term string in four-dimensional N = 1 supergravity with
Fayet-Iliopoulos terms.
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